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1. Introduction
From results in [7] and [9], every (abstract or proﬁnite) just inﬁnite group that is not virtually
abelian either is a branch group or can be embedded as a subgroup of ﬁnite index in a permutational
wreath product of a hereditarily just inﬁnite group and a ﬁnite group. The groups of both types have
received a considerable amount of attention. The branch groups have furnished important examples
with very diverse properties (see for example [3–5] and [10]). In order to understand the groups of
the second type, it is natural to focus ﬁrst on the hereditarily just inﬁnite groups, that is, the inﬁnite
groups all of whose subgroups of ﬁnite index are just inﬁnite. Among these are the central quotients
of many arithmetic groups, and groups such as the Nottingham group (see [1]). Apart from abstract
simple groups, all hereditarily just inﬁnite groups in the literature known to the author either are, or
in the abstract case can be embedded in, virtually pro-p groups for some prime p, and it is natural
to ask whether all hereditarily just inﬁnite groups have this property. Here we show that this is not
the case.
Theorem A. There exists a hereditarily just inﬁnite proﬁnite group in which every countably based proﬁnite
group can be embedded.
We shall give a general construction that provides numerous examples of groups with the proper-
ties described in Theorem A and with all composition factors of ﬁnite continuous images non-abelian.
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nite proﬁnite group that is virtually pro-p, then G is ﬁnitely generated as a proﬁnite group (since the
Frattini quotient of an open normal pro-p subgroup must be ﬁnite). By contrast, we shall prove
Theorem B. There exist hereditarily just inﬁnite prosoluble groups that are not ﬁnitely generated.
Again the construction provides many examples; it will be seen, for instance, that examples exist
whose ﬁnite continuous images have orders divisible only by the primes 3 and 7.
The two constructions are described in Section 3 and Section 4. They both depend on a criterion
for inverse limits of certain sequences of ﬁnite groups to be hereditarily just inﬁnite. We establish
this criterion, and a similar one for direct limits, in Section 2. The case of direct limits gives examples
of countable abstract hereditarily just inﬁnite groups that are residually ﬁnite but have no subgroup
of ﬁnite index that is residually a ﬁnite p-group for any prime p.
2. Criteria for hereditarily just inﬁnite groups
In the lemma below we handle proﬁnite groups and abstract groups simultaneously. In the case of
proﬁnite groups, the term ‘subgroup’ refers of course to closed subgroups.
(2.1) Let G be a just inﬁnite group that is not virtually abelian and not hereditarily just inﬁnite. Then G has a
subgroup of inﬁnite index whose distinct conjugates in G generate their direct product.
Proof. First we note that if 1 = K  G and A is an abelian normal subgroup of K then the conjugates
of A in G are ﬁnite in number and their product is a normal subgroup N of G that is nilpotent
by Fitting’s theorem (see [6, (5.2.8)]); since its centre is abelian and normal in G it follows that
A = N = 1. Next, we claim that no non-trivial ﬁnite subgroup has normalizer of ﬁnite index in G . The
elements of such a subgroup would have only ﬁnitely many conjugates in G . Now if l ∈ G \ {1} then
the normal subgroups 〈lg | g ∈ G〉 and ⋂g∈G CG(lg) centralize each other, so that their intersection is
abelian and hence trivial. It follows that
⋂
g∈G CG(lg) = 1 and that |G : CG(l)| is inﬁnite. Our claim
follows.
Since G is not hereditarily just inﬁnite, it has subgroups H , L = 1 with |G : H| ﬁnite, L  H and
|H : L| inﬁnite. Let K =⋂g∈G Hg . Then K ∩ L = 1 since otherwise L would be ﬁnite and normalized
by H . Therefore we may replace H , L by K , K ∩ L and suppose that H  G . Now L has only ﬁnitely
many conjugates in G; let I be an intersection of as many conjugates as possible with respect to being
non-trivial. Thus I g  H for all g ∈ G and [I, I g] I ∩ I g = 1 if I g = I . It follows that I centralizes J =
〈I g | I g = I〉 and that I∩ J is an abelian normal subgroup of H . From the above paragraph we conclude
that I ∩ J = 1, and now it is clear that the conjugates of I in G generate their direct product. 
(2.2) Let G be the inverse limit of a sequence (Gn)n0 of ﬁnite groups and surjective homomorphisms Gn →
Gn−1 . For each n  1 write Kn = ker (Gn → Gn−1), and suppose that for all L  Gn such that L  Kn the
following assertions hold:
(i) Kn  L;
(ii) L has no proper subgroup whose distinct Gn-conjugates centralize each other and generate L.
Then G is a just inﬁnite proﬁnite group and is either virtually abelian or hereditarily just inﬁnite.
Proof. For each n let φn be the map G → Gn . Let 1 = M  G . Find n with φn(M) = 1. For r > n we
have φr(M)  Gr and φr(M)  Kr , so that φr(M) Kr and hence M kerφr  kerφr−1. Thus M kerφr =
M kerφr−1 for all r > n, and since
⋂
r>n kerφr = 1 it follows that M = M kerφn and M  kerφn (see
e.g. [8, (0.3.1)]); in particular M is open. Therefore G is just inﬁnite.
Suppose that G is not virtually abelian. Let 1 = H  G and suppose that the G-conjugates of H
generate their direct product. Find m with φm(H) = 1. Then for all r >m the distinct Gr-conjugates
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ensures that φr(H)  Gr for all r >m, and so H  G . We conclude from (2.1) that G is hereditarily just
inﬁnite. 
Small modiﬁcations yield the following dual result.
(2.3) Let (Gn) be a sequence of ﬁnite groups such that for all n 1 we have Gn = Kn  Gn−1 , and let G be the
direct limit of the sequence with respect to the inclusion maps. Suppose that for all L  Gn such that L  Kn the
following assertions hold:
(i) Kn  L;
(ii) L has no proper subgroup whose distinct Gn-conjugates centralize each other and generate L.
Then G is a just inﬁnite residually ﬁnite abstract group and is either virtually abelian or hereditarily just inﬁnite.
Proof. For each n 1 write Un = 〈Kr | r  n〉. We have Un G and Un ∩Gn−1 = 1 for each n; therefore⋂
Un = 1 and G is residually ﬁnite.
Let 1 = M  G . Find n with M ∩ Gn = 1. For r > n we have M ∩ Gr  Gr and M ∩ Gr  Kr , so that
M ∩ Gr  Kr and hence Gr = KrGr−1 = (M ∩ Gr)Gr−1. Thus MGr = MGr−1 for all r > n, and since⋃
r>n Gr = G it follows that G = MGn , and that |G : M| is ﬁnite.
Suppose that G is not virtually abelian. Let 1 = H  G and suppose that the G-conjugates of H
generate their direct product. Find m such that H ∩ Gm = 1. Then for all r >m the distinct conjugates
of H ∩Gr in Gr centralize each other and generate a normal subgroup containing Kr . Thus H ∩Gr Gr
for all r >m, and so H  G . We conclude that G is hereditarily just inﬁnite. 
3. Proof of Theorem A
We shall use the following elementary and well-known facts.
(3.1) Let G be a ﬁnite group and M  G, and suppose that M = S1 × · · · × Sr with each Si non-abelian and
simple. Then G permutes {Si | i  r} by conjugation. Moreover if G acts transitively then M is aminimal normal
subgroup, and if in addition the kernel of the action is M then M is the unique minimal normal subgroup of G.
Construction A. Let X0, X1, X2, . . . be any inﬁnite sequence of ﬁnite non-abelian simple groups. Set
G0 = X0 and f (1) = |G0|. Thus G0 has a faithful transitive permutation representation of degree f (1).
Suppose that a group Gn−1 with a faithful transitive permutation representation of degree f (n)
has been constructed. We construct Gn by two operations of taking permutational wreath products.
First let Ln be the direct product X
( f (n))
n of f (n) copies of Xn , let Gn−1 act on Ln by permuting
the factors and consider the corresponding split extension Ln  Gn−1. If we also let Ln act on itself
by right multiplication we obtain a transitive permutation representation θn of LnGn−1 on the set
Ln with the subgroup Ln transitive. Next let Gn be the split extension of Mn = X (|Ln|)n by LnGn−1
with the latter group permuting the simple direct factors of the former according to the permutation
representation θn .
From (3.1) we now have assertions (a), (b) below:
(3.2)
(a) Mn is the unique minimal normal subgroup of H for each subgroup H satisfying MnLn  H  Gn.
(b) Ln is the unique minimal normal subgroup of LnGn−1 , and so MnLn/Mn is the unique minimal normal
subgroup of Gn/Mn.
(3.3) Let G be the inverse limit or the direct limit of the groups Gn. Then G is residually ﬁnite and hereditarily
just inﬁnite.
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Let N  Gn and suppose that N  Kn . From (3.2)(a), (b) we conclude that Kn = MnLn  N . Suppose
that U1, U2 are non-trivial normal subgroups of N such that N = U1U2. Then NG(Ui)  N  MnLn;
thus Ui  MnLnUi . Since Mn is the unique minimal normal subgroup of MnLnUi by (3.2)(a), we have
Mn  Ui for each i; in particular [U1,U2] = 1. Because all composition factors of the groups Gn are
non-abelian, G cannot be virtually abelian, and the result now follows from (2.2) and (2.3). 
Proof of TheoremA. First we note that every countably based proﬁnite group can be embedded in the
Cartesian product Crn5 An of alternating groups (see [8, (4.1.6)]). Therefore it will suﬃce to embed
this group in a hereditarily just inﬁnite group.
In Construction A, let T0 = X0. For n > 0, the group Gn has a minimal normal subgroup Mn that is
the product of copies of Xn indexed by the elements of Ln; we let Tn be the copy whose index is the
identity element of Ln . Since in the permutation representation θn the subgroup Gn ﬁxes the identity
element of Ln , the subgroup Gn−1 centralizes Tn . Therefore the subgroups T0, . . . , Tn of Gn generate
their direct product, Dn , say; moreover the restriction of φn to Dn is just the projection map onto
the direct product Dn−1. We conclude that the inverse limit C of the groups Dn with respect to the
maps induced by the maps φn is the Cartesian product Cr Tn , and C is isomorphic to a subgroup of G .
Therefore a group satisfying the requirements of Theorem A may be obtained by taking Xn = An+5
for each n 0. 
4. Proof of Theorem B
Again we shall construct sequences (Gn) of ﬁnite groups and consider their inverse or direct lim-
its. The construction is more complicated than the one in the previous section. We shall need the
following well-known fact (see [2, Theorem 5.2.3] or [6, (10.1.6)]).
(4.1) Let p be a prime, H a ﬁnite group of order coprime to p and M an FpH-module. Then in the split extension
M  H we have [[M, H], H] = [M, H].
Construction B. Our construction will depend on two sequences (pn)n>0, (qn)n0 of primes and a
sequence (tn)n0 of positive integers; the sequences of primes satisfy the following conditions for all
n 1:
pn = 2; pn | qn − 1; qn−1 = pn. (∗)
These conditions are satisﬁed, for example, if we take pn = 3 and qn = 7 for all n.
Before explaining how the groups Gn are deﬁned, we describe the groups W  D that will be the
kernels of the maps Gn → Gn−1.
Let p, q be primes with p = 2 and p | q − 1. Thus the ﬁeld Fq of q elements has a primitive pth
root ζ of 1. Fix positive integers s, t with s 2 and p  s and let
Γ = {(i,k) ∣∣ 1 i  s, 1 k t}.
Let A be an elementary abelian p-group with basis {aγ | γ ∈ Γ } and let V be the group algebra Fq A.
For δ ∈ Γ let xδ be the vector space automorphism of V deﬁned by v 
→ vaδ for all v ∈ V , and yδ
the automorphism of V deﬁned by
∏
a
rγ
γ 
→ ζ rδ
∏
a
rγ
γ for all
∏
a
rγ
γ ∈ A. Let z be the automorphism
of V deﬁned by v 
→ ζ v . Set
X = 〈xγ | γ ∈ Γ 〉, Y = 〈yγ | γ ∈ Γ 〉 and E = 〈xδ, yδ | δ ∈ Γ 〉.
Clearly X and Y are isomorphic to A, under isomorphisms from A deﬁned by aγ 
→ xγ , aγ 
→ yγ .
(4.2) [xδ, yδ] = z for all δ ∈ Γ and [xδ1 , yδ2 ] = 1 for all distinct δ1 , δ2 ∈ Γ .
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(∏
a
rγ
γ
)(
x−1δ y
−1
δ xδ yδ
)=
(
arδ−1δ
∏
γ =δ
a
rγ
γ
)
y−1δ xδ yδ
= ζ−(rδ−1)
(
arδ−1δ
∏
γ =δ
a
rγ
γ
)
xδ yδ
= ζ−(rδ−1)
(
arδδ
∏
γ =δ
a
rγ
γ
)
yδ
= ζ
(∏
a
rγ
γ
)
.
The ﬁrst assertion follows, and a similar calculation gives the second assertion. 
We deﬁne an action of the symmetric group Σs on V by aikρ = a(iρ)k for all (i,k) ∈ Γ and all
ρ ∈ Σs , and we identify Σs with its image in GL(V ).
(4.3) For ρ ∈ Σs and (i,k) ∈ Γ we have ρ−1xikρ = x(iρ)k and ρ−1 yikρ = y(iρ)k. Thus Σs normalizes X
and Y .
Proof. For b ∈ A we have
b
(
ρ−1xikρ
)= ((bρ−1)aik)ρ = b(aikρ) = ba(iρ)k = bx(iρ)k.
Hence ρ−1xikρ = x(iρ)k . The restrictions to A of the maps ρ−1 yikρ and y(iρ)k preserve products,
and so these maps are equal if for all ( j, l) ∈ Γ we have a jlρ−1 yikρ = a jl y(iρ)k , i.e., (a( jρ−1)l yik)ρ =
a jl y(iρ)k; but this is clear from the deﬁnition of the maps yγ . 
It follows from (4.3) that X , Y and A are isomorphic, regarded as modules for FpΣs . If M is one
of these modules then in the split extension of M by Σs we have [M,Σs] < M . However we require
modules N such that [N,U ] = N for suitable subgroups U of Σs . The next step amounts to replacing
the modules M by modules [M,Σs] so that we can use (4.1).
Set Γ˜ = {(i,k) | 1 i < s, 1 k t}. For (i,k) ∈ Γ˜ let
a˜ik = a−1sk aik, x˜ik = x−1sk xik, y˜ik = y−1sk yik.
Set
A˜ = 〈a˜γ | γ ∈ Γ˜ 〉, X˜ = 〈xγ | γ ∈ Γ˜ 〉 and Y˜ = 〈yγ | γ ∈ Γ˜ 〉.
Write
D = 〈 X˜, Y˜ 〉 and W = Fq A˜.
(4.4)
(a) D ′ = 〈z〉.
(b) If d ∈ D and d ﬁxes all elements of W then d = 1.
(c) If U is any transitive subgroup of Σs then [X,U ] = X˜ and [Y ,U ] = Y˜ ; in particular, Σs normalizes X˜
and Y˜ .
(d) If in (c) the prime p does not divide |U | then [ X˜,U ] = X˜ and [Y˜ ,U ] = Y˜ .
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[xs1, ys1][x11, y11] = z2.
(b) Since D = 〈 X˜, Y˜ 〉, by (a) we can write d = vuzm with u ∈ X˜ , v ∈ Y˜ and 0 m < p; let u be
multiplication in V by the element b ∈ A. We have
1 = 1(vuzm)= ζm(1 · b),
so that b = 1 and u = 1, and also m = 0. Therefore d ∈ Y˜ ; write d =∏( j,l)∈Γ yr jljl with ∑sj=1 r jl ≡ 0
mod p for each l. For each (i,k) ∈ Γ˜ we must have
a˜ik = a˜ik
( ∏
( j,l)∈Γ
y
r jl
jl
)
= a−1sk aik
( ∏
( j,l)∈Γ
y
r jl
jl
)
= ζ−rsk+rika−1is aik = ζ−rsk+rik a˜ik.
Therefore for each (i,k) we have rik = rsk , so that 0 =∑si=1 rik = srsk and hence rik = 0 since p does
not divide s.
(c) Because X˜ maps to Y˜ under the isomorphism from X to Y deﬁned by xγ 
→ yγ , it will suﬃce
to consider X˜ . For all (i,k) ∈ Γ and σ ∈ Σs we have
[xik,σ ] = x−1ik x(iσ )k = x˜−1ik x˜(iσ )k,
with x˜ jk taken to be 1 if j = s, and so [X,U ]  X˜ . Moreover given j < s we can ﬁnd ρ ∈ U with
sρ = j, and for all l t we have x˜ jl = x−1sl xρsl = [xsl,ρ]. Thus X˜  [X,U ].
(d) This follows from (c) and (4.1). 
For ( j, l) ∈ Γ˜ deﬁne a map β jl : A˜ → 〈ζ 〉 by β jl(∏(i,k)∈Γ˜ a˜ri ji j ) = ζ r jl+
∑
i<s ril .
(4.5)
(a) b y˜ jl = β jl(b)b for all b ∈ A˜ and all ( j, l) ∈ Γ˜ .
(b) If b ∈ A˜ and β jl(b) = 1 for all ( j, l) ∈ Γ˜ then b = 1.
(c) W is an irreducible module for D.
(d) W is a module for Σs .
Proof. (a) Let b =∏(i,k)∈Γ˜ a˜rikik . Then
b y˜ jl =
( ∏
i<s,kt
a˜rikik
)
y˜ jl =
((∏
kt
a
−∑i<s rik
sk
)( ∏
i<s,kt
arikik
))(
y−1sl y jl
)
= (ζ r jl+∑i<s ril)
( ∏
i<s,kt
a˜rikik
)
,
and the result follows.
(b) Again write b =∏(i,k)∈Γ˜ a˜rikik and ﬁx l t . Then r jl ≡ −∑i<s ril mod p for all j, so that r jl ≡ r1l
mod p for all j. Hence sr1l ≡ 0 mod p, and so r1l ≡ 0 since p does not divide s. The result follows.
(c) From (a) and the deﬁnition of X˜ we see that W is a D-submodule of V . Let M be a non-zero
D-submodule, and let v =∑λ∈Λ rλbλ be a non-zero element of M with rλ ∈ Fq , bλ ∈ A˜ for each λ
and with |Λ| as small as possible. Fix b0 ∈ {bλ | λ ∈ Λ}. For all ( j, l) ∈ Γ˜ we have
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(
β jl(bλ0) − β jl(bλ)
)
rλbλ = β jl(bλ0)
∑
λ∈Λ
rλbλ −
∑
λ∈Λ
rλβ jl(bλ)bλ
= β jl(bλ0)v − v y˜ jl ∈ M,
and so the minimality of |Λ| gives β jl(bλ) = β jl(bλ0 ) for all λ ∈ Λ and all ( j, l) ∈ Γ˜ . Therefore |Λ| = 1
by (b). But X˜ permutes A˜ transitively, and hence M = W .
(d) It will suﬃce to show that Σs maps the subgroup A˜ of A to itself. But this is clear from (4.4)(c)
and the fact that A˜ is the image of X˜ under the isomorphism from X to A deﬁned by xγ 
→ aγ . 
Now suppose in addition that H = U  L is a ﬁnite soluble group with unique minimal normal
subgroup U of order s. We may regard H as a permutation group of degree s by letting U act on
itself by right multiplication and L act on U by conjugation, and so we may regard H as a subgroup
of Σs and as a subgroup of GL(V ). By (4.4)(c) and (4.5)(d), the group H normalizes D = 〈 X˜, Y˜ 〉 and
induces automorphisms of W . Let
G = (W  D)  H .
(4.6)
(a) Let N be a normal subgroup of G whose image in H under the map G → H with kernel W D is non-trivial.
Then
(a1) N contains W DU .
(a2) If N is the product of a G-conjugacy class {M1, . . . ,Mr} of normal subgroups of N that centralize
each other then r = 1.
(b) W = CG(W ), and W is the unique minimal normal subgroup of G.
Proof. Clearly W is a normal subgroup of G , and it is minimal since by (4.5)(c) it is a minimal normal
subgroup of WD . We now proceed to prove assertions (a1), (b), (a2) in this order.
(a1) The image of N in H must contain U , and so U WDN . Writing bars for images of subgroups
in G/WD ′ we see from (4.4)(d) that
D = [D,U ] [D, D N] = [D,N] N,
and so D WD ′N . Hence
D ′ W
(
D ′′
[
D ′,N
]
N ′
)
WN
and so D WN . Finally
W = [W , D] [W ,WN] = [W ,N] N,
and (a1) follows.
(b) Evidently CG(W ) does not contain WD , and so CG(W )WD by (a1). Therefore CG(W ) = W
by (4.4)(b); and since each minimal normal subgroup of G centralizes W we conclude that W is the
unique minimal normal subgroup of G .
(a2) We suppose the hypothesis of (a2), and write bars for images in G/W . Since DU  N and
D  N , by (4.4)(d) we have
D = [D,N] = [D,M1] . . . [D,Mr] (D ∩ M1) . . . (D ∩ Mr).
Therefore
D ′ = (D ∩ M1)′ . . . (D ∩ Mr)′.
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and D ′ WMi for each i. By (4.4)(a) we now have
W = [W , D ′] [W ,WMi] = [W ,Mi] Mi
for each i. If r > 1 then since [Mi,M j] = 1 for distinct i, j it follows from (b) that Mi  CG(W ) = W
for each i, and that N W . This contradiction shows that r = 1, as required. 
We can now complete Construction B. Suppose that the sequences (pn)n>0, (qn)n0 and (tn)n>0
satisfy the conditions (∗). Let U0 be a cyclic group of order q0, and let L0 = 1 and G0 = U0.
Suppose that a soluble group Gn−1 = Un−1  Ln−1 with unique minimal normal subgroup Un−1 of
order a power of qn−1 has been constructed. We set s = |Un−1|, H = Gn−1, U = Un−1, p = pn , q = qn ,
t = tn . We construct W , D as above and set Un = W , Ln = D  Gn−1 and Gn = Un  Ln = UnDGn−1.
(4.7) Let G be the inverse limit or the direct limit of the sequence (Gn). Then G is hereditarily just inﬁnite.
Proof. By (4.6)(b), for each n 1 the only non-trivial abelian normal subgroup of Gn lies in ker(Gn →
Gn−1); thus since the groups Gn−1 have unbounded order the group G cannot be virtually abelian.
Therefore the result follows from (2.2), (2.3) and (4.6). 
Proof of Theorem B. We construct a proﬁnite group G as in Construction B; thus G is hereditarily
just inﬁnite, and prosoluble.
It remains only to explain how the sequence (tn) can be chosen to ensure that G is not ﬁnitely
generated. For each ﬁnite group or ﬁnitely generated proﬁnite group H let d(H) denote the smallest
number of elements that can generate H . If H1 is an epimorphic image of H then clearly d(H) 
d(H1). For example, our construction of the groups W , D above shows that there are epimorphisms
WD → D and D → X˜ , so that
d(WD) d( X˜) = |Γ˜ | = (s − 1)t  t. (∗∗)
It will certainly suﬃce to show that with a suitable choice of (tn) we can ensure that d(Gn) n + 1
for all n. Clearly for all choices of the sequence we have d(Gn)  n + 1 for n = 0,1. Suppose that
t1, . . . , tn have been chosen such that d(Gr)  r + 1 for all r  n. If d(Gn)  n + 2 we choose tn+1
arbitrarily; thus d(Gn+1)  d(Gn)  n + 2. Suppose that d(Gn) = n + 1. If θ : H → Gn is a surjective
map with kernel N and d(H) = n + 1 then d(N) (n + 1)|Gn| by the Reidermeister–Schreier theorem
(see [6, (6.1.8)]). Thus if we choose tn+1 with tn+1 > (n + 1)|Gn| then by (∗∗) we have
d
(
ker(Gn+1 → Gn)
)
 tn+1 > (n + 1)|Gn|,
and so again d(Gn+1) n + 2.
This concludes the proof of Theorem B. 
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